A classification of models with three light neutrinos is given. This classification includes virtually all of the three-neutrino models models proposed in the last few years, of which there are approximately one hundred. The essential ideas, attractive features, and characteristic problems of the different classes of model are discussed. The classification is based principally on how large ν µ − ν τ mixing is obtained. A general discussion of the mixing parameter U e3 is then given, showing what values are to be expected for it in each type of model.
Introduction
Over the years, and especially since the discovery of the large mixing of ν µ seen in atmospheric neutrino experiments, there have been numerous models of neutrino masses proposed in the literature. In the last two years alone, as many as one hundred different models have been published. One of the goals of this paper is to give a helpful classification of these models. Such a classification is possible because in actuality there are only a few basic ideas that underlie the vast majority of published neutrino mixing schemes. After some preliminaries, we present in section 2 a general classification of three-neutrino models that have a hierarchical neutrino spectrum. In section 3 we discuss the parameter U e3 , which describes the '13' mixing of neutrinos. Since theoretical models are constructed to account for the solar and atmospheric neutrino oscillation data, which tightly constrain the '1-2' and '2-3' mixings but not the '1-3' mixing, the parameter U e3 will be very important in the future for distinguishing among different kinds of models and testing particular schemes.
There are four indications of neutrino mass that have guided recent attemps to build models: (1) the solar neutrino problem, (2) the atmospheric neutrino anomaly, (3) the LSND experiment, and (4) dark matter. There are many excellent reviews of the evidence for neutrino mass.
1
(1) The three most promising solutions to the solar neutrino problem are based on neutrino mass. These are the small-angle MSW solution (SMA), the large-angle MSW solution (LMA), and the vacuum oscillation solution (VO). All these solutions involve ν e oscillating into some other type of neutrinoin the models we shall consider, predominantly ν µ . In the SMA solution the mixing angle and mass-squared splitting between ν e and the neutrino into which it oscillates are roughly sin 2 2θ ∼ 5.5 × 10 −3 and δm 2 ∼ 5.1 × 10 −6 eV 2 . For the LMA solution one has sin 2 2θ ∼ 0.79, and δm 2 ∼ 3.6 × 10 −5 eV 2 . (The numbers are best-fit values from a recent analysis.
2 ) And for the VO solution sin 2 2θ ∼ 0.93, and δm 2 ∼ 4.4 × 10 −10 eV 2 . (Again, these are best-fit values from a recent analysis.
3 ) (2) The atmospheric neutrino anomaly strongly implies that ν µ is oscillating with nearly maximal angle into either ν τ or a sterile neutrino, with the data preferring the former possibility. 4 One has sin 2 2θ ∼ 1.0, and δm 2 ∼ 3 × 10 −3 eV 2 . (3) The LSND result, which would indicate a mixing between ν e and ν µ with δm 2 ∼ 0.3 − 1eV 2 is regarded with more skepticism for two reasons. The experimental reason is that KARMEN has failed to corroborate the discovery, although it is true that KARMEN has not excluded the whole LSND region. The theoretical reason is that to account for the LSND result and also for both the solar and atmospheric anomalies by neutrino oscillations would require three quite different mass-squared splittings, and that can only be achieved with four species of neutrino. This significantly complicates the problem of model-building. In particular, it is regarded as not very natural, in general, to have a fourth sterile neutrino that is extremely light compared to the weak scale. (There are some theoretical frameworks that can give light sterile particles, but they tend to give many of them, not just one.) For these reasons, we assume that the LSND results do not need to be explained by neutrino oscillations, and the classification we present includes only threeneutrino models.
(4) The fourth possible indication of neutrino mass is the existence of dark matter. If a significant amount of this dark matter is in neutrino mass, it would imply a neutrino mass of order several eVs . In order then to achieve the small mass splittings needed to explain the solar and atmospheric anomalies one would have to assume that ν e , ν µ and ν τ were nearly degenerate. We shall not focus on such models in our classification, which is primarily devoted to models with "hierarchical" neutrino masses. However, in most models with nearly degenerate masses, the neutrino mass matrix consists of a dominant piece proportional to the identity matrix and a much smaller hierarchical piece. Since the oscillations are caused by the small hierarchical piece, such models can be classified together with hierarchical models.
In sum, the models we shall classify are those which assume (a) three flavors of neutrino that oscillate (ν e , ν µ , and ν τ ), (b) the atmospheric anomaly explained by ν µ -ν τ oscillations with nearly maximal angle, and (c) the solar anomalies explained by ν e oscillating primarily with ν µ with either small angle (SMA) or large angle (LMA, VO).
There are several major divisions among models. One is between models in which the neutrino masses arise through the see-saw mechanism, 5 and those in which the neutrino masses are generated directly at low energy. In see-saw models, there are both left-and right-handed neutrinos. Consequently, there are five fermion mass matrices to explain: the four Dirac mass matrices, U, D, L, and N of the up quarks, down quarks, charged leptons, and neutrinos, respectively, and the Majorana mass matrix M R of the right-handed neutrinos. The four Dirac mass matrices are all roughly of the weak scale, while M R is generally much larger than the weak scale. After integrating out the superheavy right-handed neutrinos, the mass matrix of the left-handed neutrinos is given by M ν = −N T M −1 R N. In conventional see-saw models there are three right-handed neutrinos, one for each of the three families of quarks and leptons. And, typically, in such conventional see-saw models there is a close relationship between the 3 × 3 Dirac mass matrix N of the neutrinos and the other 3 × 3 Dirac mass matrices L, U, and D. Usually the four Dirac matrices are related to each other by grand unification and/or flavor symmetries. That means that in conventional seesaw models neutrino masses and mixings are just one aspect of the larger problem of quark and lepton masses, and are likely to shed great light on that problem, and perhaps even be the key to solving it. However, in most see-saw models the Majorana matrix M R is either not related or is tenuously related to the Dirac mass matrices of the quarks and leptons. The freedom in M R is the major obstacle to making precise predictions of neutrino masses and mixings in most see-saw schemes.
There are also what we shall refer to as unconventional see-saw models in which the fermions that play the role of the heavy right-handed partners of the neutrinos are not part of the ordinary three-family structure but are some other neutral fields. There need not be three of them, and the Dirac mass matrix of the neutrinos therefore need not be 3 × 3 nor need it have any particular connection to the other Dirac mass matrices L, U, and D. Such unconventional see-saw models we classify together with non-see-saw models.
In non-see-saw schemes, there are no right-handed neutrinos. Consequently, there are only four mass matrices to consider, the Dirac mass matrices of the quarks and charged leptons, U, D, and L, and the Majorana mass matrix of the light left-handed neutrinos M ν . Typically in such schemes M ν has nothing directly to do with the matrices U, D, and L, but is generated at low-energy by completely different physics.
The three most popular possibilities in recent models for generating M ν at low energy in a non-see-saw way are (a) triplet Higgs, (b) variants of the Zee model, 6 and (c) R-parity violating terms in low-energy supersymmetry. (a) In triplet-Higgs models, M ν arises from a renormalizable term of the form λ ij ν i ν j H 0 T , where H T is a Higgs field in the (1, 3, +1) representation of SU(3) × SU(2) × U(1). (b) In the Zee model, the Standard Model is supplemented with a scalar, h, in the (1, 1, +1) representation and having weak-scale mass. This field can couple to the lepton doublets L i as L i L j h and to the Higgs doublets φ a (if there is more than one) as φ a φ b h. Clearly it is not possible to assign a lepton number to h in such a way as to conserve it in both these terms. The resulting lepton-number violation allows oneloop diagrams that generate a Majorana mass for the left-handed neutrinos. (c) In supersymmetry the presence of such R-parity-violating terms in the superpotential as L i L j E c k and Q i D c j L k , causes lepton-number violation, and allows one-loop diagrams that give neutrino masses. Neutrino mass can also arise at tree level from R-parity-violating terms of the form H u L i , which mix neutrino and Higgs superfields and lead to sneutrino vacuum expectation values.
It is clear that in all of these schemes the couplings that give rise to neutrino masses have little to do with the physics that gives mass to the other quarks and leptons. While this allows more freedom to the neutrino masses, it would from one point of view be very disappointing, as it would mean that the observation of neutrino oscillations is almost irrelevant to the great question of the origin of quark and charged lepton masses.
It should also be mentioned that some models derive the neutrino mass matrix M ν directly from non-renormalizable terms of the form ν i ν j H u H u /M without specifying where these terms come from. While such terms do arise in the conventional see-saw mechanism they can also arise in other ways. Models in which these operators do not arise from a see-saw or where their origin is left unspecified we classify as non-see-saw models.
Another major division among models has to do with the kinds of symmetries that constrain the forms of mass matrices and that, in some models, relate different mass matrices to each other. There are two main approaches: (a) grand unification, and (b) flavor symmetry. Many models use both.
(a) The simplest grand unified group is SU(5). In minimal SU (5) there is one relation among the Dirac mass matrices, namely D = L T , coming from the fact that the left-handed charged leptons are unified with the righthanded down quarks in a 5, while the right-handed charged leptons and lefthanded down quarks are unified in a 10. In SU(5) there do not have to be right-handed neutrinos, though they may be introduced. In SO (10) , which in several ways is a very attractive group for unification, the minimal model gives the relations N = U ∝ D = L. In realistic models these relations are modified in various ways, for example by the appearance of Clebsch coefficients in certain entries of some of the mass matrices. It is clear that unified symmetries are so powerful that very predictive models are possible. Most of the published models which give sharp predictions for masses and mixings are unified models.
(b) Flavor symmetries can be either abelian or non-abelian. Non-abelian symmetries are useful for obtaining the equality of certain elements of the mass matrix, as in models where the neutrino masses are nearly degenerate, and in the so-called "flavor democracy" schemes, which will be discussed later. Abelian symmetries are useful for explaining hierarchical mass matrices through the so-called Froggatt-Nielson mechanism.
7 The idea is simply that different elements of the mass matrices arise at different orders in flavor symmetry breaking. In particular, different fermion multiplets can differ in charge under a U(1) flavor symmetry that is spontaneously broken by some "flavon" expectation value (or values), f i . Thus, different elements of the fermion mass matrices would be suppressed by different powers of f i /M ≡ ǫ i ≪ 1, where M is the scale of flavor physics. This kind of scheme can explain small mass ratios and mixings in the sense of predicting them to arise at certain orders in the small quantities ǫ i . A drawback of such models compared to many grand unified models, is that actual numerical predictions, as opposed to order of magnitude estimates, are not possible. On the other hand, models based on flavor symmetry involve less of a theoretical superstructure built on top of the Standard Model than do unified models, and could therefore be considered more economical in a certain sense. Unified models put more in but get more out than do abelian-flavor-symmetry models.
The most significant new fact about neutrino mixing is the largeness of the mixing between ν µ and ν τ This comes as somewhat of a surprise from the point of view of both grand unification and flavor symmetry approaches. Since grand unification relates leptons to quarks, one might expect lepton mixing angles to be small like those of the quarks. In particular, the mixing between the second and third family of quarks is given by V cb , which is known to be 0.04. That is to be compared to the nearly maximal mixing of the second and third families of leptons:
It is true that even in the early 1980's some grand unified models predicted large neutrino mixing angles. (Especially noteworthy is the remarkably prophetic 1982 paper of Harvey, Ramond, and Reiss, 8 which explicitly predicted and emphasized that there should be large ν µ − ν τ mixing. However, in those days the top mass was expected to be light, and that paper assumed it to be 25 GeV. That gave V cb to be about 0.22. The corresponding lepton mixing was further boosted by a Clebsch of 3. With the actual value of m t that we now know, the model of Ref. 8 would predict U µ3 to be only 0.12). What makes the largeness of U µ3 a puzzle in the present situation is the fact that we now know that both V cb and m c /m t are exceedingly small.
The same puzzle exists in the context of flavor symmetry. The fact that the quark mixing angles are small suggests that there is a family symmetry that is only weakly broken, while the large mixings of some of the neutrinos would suggest that family symmetries are badly broken.
The first point of interest, therefore, in looking at any model of neutrino mixing is how it explains the large mixing of ν µ and ν τ . This will be the feature that we will use to organize the classification of models.
Classification of three-neutrino models
Virtually all three-neutrino models published in the last few years fit somewhere in the simple classification now to be described. In fact, almost all of them are cited below. The main divisions of this classification are based on how the large ν µ − ν τ mixing arises. This mixing is described by the element U µ3 ≡ sin θ 23 of the so-called MNS matrix 9 (analogous to the CKM matrix for the quarks).
The mixing angles of the neutrinos are the mismatch between the eigenstates of the neutrinos and those of the charged leptons, or in other words between the mass matrices L and M ν . Thus, there are two obvious ways of obtaining large θ 23 : either M ν has large off-diagonal elements while L is nearly diagonal, or L has large off-diagonal elements and M ν is nearly diagonal. Of course this distinction only makes sense in some preferred basis. But in almost every model there is some preferred basis given by the underlying symmetries of that model. This distinction gives the first major division in the classification, between models of what we shall call class I and class II. (It is also possible that the large mixing is due almost equally to large offdiagonal elements in L and M ν , but this possibility seems to be realized in very few published models. We will put them into class II.)
If the large θ 23 is due to M ν (class I), then it becomes important whether M ν arises from a non-see-saw mechanism or the see-saw mechanism. We therefore distinguish these cases as class I(1) and class I(2) respectively. In the see-saw models, M ν is given by −N T M
−1
R N, so a further subdivision is possible: models in which the large mixing comes from large off-diagonal elements in M R we call I(2A); models in which the large mixing comes from large offdiagonal elements in N we call I(2B); and models in which neither M R nor N have large off-diagonal elements but
R N nevertheless does we call I(2C).
The other main class of models, where θ 23 is due to large off-diagonal elements in L the mass matrix of the charged leptons, we called class II. The question in these models is why, given that L has large off-diagonal elements, there are not also large off-diagonal elements in the Dirac mass matrices of the other charged fermions, especially D (which is typically closely related to L), causing large CKM mixing of the quarks. In the literature there seem to be two ways of answering this question. One way involves the CKM angles being small due to a cancellation between large angles that are nearly equal in the up and down quark sectors. We call this class II (1) . The main examples of this idea are the so-called "flavor democracy models". The other idea is that the matrices L and D T (related by unified or flavor symmetry) are "lopsided" in such a way that the large off-diagonal elements only affect the mixing of fermions of one handedness: left-handed for the leptons, making U µ3 large, and right-handed for the quarks, leaving V cb small. We call this approach class II (2) .
Schematically, one then has
Now let us examine the different categories in more detail, giving examples from the literature.
This kind of model gives a natural explanation of the discrepancy between the largeness of U µ3 = sin θ 23 and the smallness of V cb . V cb comes from Dirac mass matrices, which are all presumably nearly diagonal like L, whereas U µ3 comes from the matrix M ν ; and since in non-see-saw models M ν comes from completely different physics than do the Dirac mass matrices it is not at all surprising that it has a very different form from the others, containing some large off-diagonal elements. While this basic idea is very simple and appealing, these models have the drawback that in non-see-saw models the form of M ν , since it comes from new physics unrelated to the origin of the other mass matrices, is highly unconstrained. Thus, there are few definite predictions, in general, for masses and mixings in such schemes. However, in some schemes constraints can be put on the new physics responsible for M ν . As we saw, there are a variety of attractive ideas for generating a nonsee-saw M ν at low energy, and there are published models of neutrino mixing corresponding to all these ideas.
10−21 M ν comes from triplet Higgs in Refs. 10-12; from the Zee mechanism in Refs. 13-15; and from R-parity and leptonnumber-violating terms in supersymmetry in Refs. 16 and 17. In Ref.
18 a "democratic form" of M ν is enforced by a family symmetry. (The democratic form is one in which all the elements of the matrix are equal or very nearly equal. In most schemes of "flavor democracy", as we shall see later, it is the charged lepton mass matrix L that is assumed to have a democratic form and M ν is assumed approximately diagonal, giving models of class II(1), But in Ref. 18 the opposite is assumed.) Several other models in class I(1) exist in the literature.
19,20
There is a basic question that has to be answered by any model of class I(1), namely why the mass splitting seen in solar neutrino oscillations (δm 2 12 ) is much smaller than that seen in atmospheric oscillations (δm 2 23 ). If all the elements of M ν were of the same order, then indeed large mixing angles would be typical, as desired to explain the atmospheric neutrino oscillations, but the neutrino mass ratios would then also be typically of order unity, and one would expect δm . Conversely, if there is a small parameter in M ν that accounts for the ratios of mass splittings, then the question arises why the mixing angles are not also controlled by that small parameter.
A satisfactory answer to these questions requires that M ν have a special form. Three satisfactory forms are possible, as has been pointed out in several analyses. 21 We shall consider them in turn. (a) In the literature one finds that the majority of models of class I(1) (and, as we shall see later, many models of other classes too) assume the following form for M ν :
where s ≡ sin θ, c ≡ cos θ, θ ∼ π/4, δ ≪ 1, and m ij ≪ M. By a rotation in the 2-3 plane by an angle close to θ, the 2-3 block will be diagonalized and the matrix will take the form
It is clear that for m ij < ∼ δM there is a hierarchy of mass eigenvalues, and that δm
On the other hand the atmospheric neutrino angle θ 23 , which is approximately given by θ, is of order one. The value of the solar angle depends on the size of m ij . In particular θ 12 ∼ (cm 12 −sm 13 )/(δM). Consequently, either small angle or large angle solutions of the solar neutrino problem can be naturally obtained.
One sees that in order to get the hierarchy among neutrino mass splittings and at the same time a large atmospheric angle one has assumed a form for M ν in Eq. (2) that has a special relationship among the 22, 23, 32, and 33 elements. If such a relationship existed simply accidentally, then the model would be "fine-tuned" to some extent. Specifically, the 2-3 block of M ν would have a determinant that was of O(δ 2 ) times its "natural" value. A number of the models in the literature that are of class I(1) are indeed fine-tuned in this way. However, two ways of achieving the special form in Eq. (2) in a technically natural way in models of class I(1) have been proposed in the literature: (i) factorization, and (ii) permutation symmetry.
(i) The idea of factorization is that the neutrino mass matrix arises from one-loop contributions that are dominated by a single diagram, giving (M ν ) ij ∼ = λ i λ j I, where λ i is the coupling of ν i to the particles in the loop. If λ 2 ∼ λ 3 then the form in Eq. (2) results. A good example of this kind of model is Ref. 16 , where λ i is an R-parity-violating and leptonnumber-violating coupling of ν i to a quark-squark (or lepton-slepton) pair in supersymmetry.
A factorized form of M ν can also arise at tree-level by a non-standard see-saw mechanism in which λ i is a Dirac coupling of ν i to a single heavy Majorana fermion that is integrated out. This is the basic idea in the papers in Ref. 20 . (A special case of this is supersymmetric models with R-parityviolating terms that mix neutrinos with other neutralinos. In these the neutralinos play the role of the heavy fermions in the see-saw, and factorized forms of M ν can result.)
(ii) The other idea for achieving the form in Eq. (2) is permutation symmetry. The basic idea is to use non-abelian symmetry to relate different elements of M ν . Generally the relationship will be one of equality, thus giving maximal mixing angles. A good example is the model of Ref. 10, in which an S 2 × S 2 permutation symmetry among four left-handed neutrinos is used to obtain the form
Then by assuming that the linear combination of (ν 1 − ν 2 )/ √ 2 acquires a superlarge Majorana mass, the residual three light species of neutrino end up with a mass matrix
which in effect has the form in Eq. (2), since the part proportional to the identity does not contribute to oscillations. From this one sees that it is possible to get the form in Eq. (2) in a technically natural way using flavor symmetries. Again, either small or large solar angle can arise depending on the magnitude of F/B. (b) Another form for M ν that is satisfactory is
where m ij ≪ M, and as before s ≡ sin θ and c ≡ cos θ, with θ ∼ π/4. By a rotation in the 2-3 plane by angle θ one brings this to the form
This pseudo-Dirac form in the 1-2 block shows that ν 1 and ν 2 will be maximally mixed with nearly degenerate masses approximately equal to M, while the third neutrino will have smaller mass. Thus δm 2 23 ∼ = M 2 and δm 2 12 ∼ m ij M. Such a form always gives bimaximal mixing, i.e. large mixing angle for both atmospheric neutrinos and solar neutrinos, in contrast to Eq. (2) which can give either large or small angle solutions for the solar neutrino problem.
The form in Eq. (6) can easily be achieved using various family symmetries.
11,12,15
A particularly interesting possibility 12, 15 is that the symmetry in question is L e − L µ − L τ , which if exact would allow only the large elements of order M in Eq. (6) .
An interesting and instructive model in which M ν is of the form given in Eq. (6) is found in Ref. 13 . This model is based on the Zee-mechanism, which gives a neutrino mass matrix M ν that is symmetric but has vanishing diagonal elements. In particular it can give a matrix of the form
where ∆ ≪ m. There is some mild fine-tuning in this model in the sense that in order for the 12 and 13 elements of M ν to be nearly equal in magnitude (as must be so to have nearly maximal atmospheric angle) a relation among the couplings and masses of the Zee model must be satisfied that has no basis in symmetry. (c) A third possible form for M ν is
where m ij ≪ M. In such a scheme, ν µ and ν τ are nearly maximally mixed and nearly degenerate, with δm
Therefore, in order for the splitting δm 2 12 to be even smaller, it must be that M ′ ∼ = M to great accuracy. If this is not to be a fine-tuning of parameters, then it must be the consequence of some non-abelian flavor symmetry.
In models of class of II (2), as in class II (1), the large atmospheric neutrino mixing angle comes from M ν , which however is now assumed to arise from the conventional see-saw mechanism. M ν therefore has the form −N T M −1 R N, where N is a 3 × 3 matrix typically related by symmetry to L, U, and D. In class II(2A), the large off-diagonal elements in M ν are assumed to come from M R , while the Dirac neutrino matrix N is assumed to be nearly diagonal and hierarchical like the other Dirac matrices L, U, and D. Many examples of models of class II(2A) exist in the literature. 22−30 As with the models of class I(1), these models have the virtue of explaining in a natural way the difference between the lepton angle U µ3 and the quark angle V cb . The quark mixings all come from Dirac matrices, while the lepton mixings involve the Majorana matrix M R , which it is quite reasonable to suppose might have a very different character, with large off-diagonal elements.
However, there is a general problem with models of this type, which not all the examples in the literature convincingly overcome. The problem is that if N has a hierarchical and nearly diagonal form, it tends to communicate this property to M ν . For example, suppose we take N = diag(ǫ ′ , ǫ, 1)M, with 1 ≫ ǫ ≫ ǫ ′ . And suppose that the ij th element of M −1 R is called a ij . Then the matrix M ν will have the form
If all the non-vanishing elements a ij are of the same order of magnitude, then obviously M ν is approximately diagonal and hierarchical. The contribution to the leptonic angles coming from M ν would therefore typically be proportional to the small parameters ǫ and ǫ ′ . One way that a θ 23 of O(1) could arise is that the small parameter coming from N gets cancelled by a correspondingly large parameter from M −1 R . 22 The trouble is that to have such a relationship between the magnitudes of parameters in N and M R is usually unnatural, since these matrices have very different origins. This problem has been pointed out by various authors. 23 We shall call it the Dirac-Majorana conspiracy problem.
This problem is avoided in models in which the hierarchies in N and M R are controlled by the same family symmetries and the same small parameters. Example of such correlated hierarchies can be found in the papers of Ref. 24 .
Another way of getting around the Dirac-Majorana conspiracy problem is to assume a special form for M R . An apparently simple solution is to take the 2-3 block of M R to be skew diagonal. For example, suppose
where
R N is also approximately skew diagonal, and one has that ν µ and ν τ are nearly degenerate and maximally mixed, as needed to explain the atmospheric neutrino anomaly. A number of models in the literature exploit this idea.
25
Unfortunately, as most of the papers in Ref. 25 noted, this idea has a problem with solar neutrinos. The problem is that it is unnatural in such a scheme for the splitting δm It is clear that if one seeks to avoid the Dirac-Majorana conspiracy problem and also to explain both solar and atmospheric neutrino oscillations, an even cleverer choice of the forms of N and M R must be found. Several papers have found such forms. 26−29 . In the model of Ref. 27 , for instance, the Dirac and Majorana matrices of the neutrinos have the forms
where x and y are small parameters. If one computes
Observe that this gives a maximal mixing of the second and third families, without having to assume any special relationship between the small param-eters in N (namely x, and y) and the parameter in M R (namely A). This example is generalized in the papers of Ref. 28 . Note that the matrix in Eq. (13) is of the general form given in Eq. (2), but here it arises through the see-saw mechanism. An interesting point about the form of M ν in Eq. (13) is that it gives bimaximal mixing. This is easily seen by doing a rotation of π/4 in the 2-3 plane, bringing the matrix to the form
In the 1-2 block this matrix has a Dirac form, giving nearly maximal mixing of ν e . Another interesting model that avoids the Dirac-Majorana conspiracy problem, but requires a mild fine-tuning to get the hierarchy among neutrino mass splittings, is given in Ref. 29 . The Majorana and Dirac neutrino mass matrices in that model have the form
, and a, b, c ∼ 1. This gives
The atmospheric neutrino angle will be of order unity if a, b, and c are all of the same order, which requires no fine-tuning or Dirac-Majorana conspiracy. However, to make δm I(2B) See-saw M ν , large mixing from N We now turn to see-saw models in which the large atmospheric neutrino angle comes from large off-diagonal elements in the Dirac neutrino mass matrix N rather than in the Majorana matrix M R .
At least at first glance, this seems to be a less natural approach. The point is that if the large θ 23 is due to large off-diagonal elements in N, it might be expected that the other Dirac mass matrices, U, D, and L, would also have large off-diagonal elements, giving large CKM angles. The model in Ref.
31 only attempts to describe the lepton sector and so does not resolve this problem. In Ref. 32 it is assumed that N has large off-diagonal elements and L does not, but the difference in character of these matrices is not accounted for. In the interesting model of Ref. 33 the difference between N and the other Dirac matrices is accounted for by a fine-tuning. In that model all of the quark and lepton mass matrices are given (in terms of relatively few parameters) by linear combinations of certain matrices that are hierarchical and nearly diagonal. In order that N have off-diagonal elements that are comparable to its diagonal elements, an accidental cancellation must occur that suppresses the diagonal elements.
There are ways to construct models of class I(2B) in which the difference between N and the other Dirac matrices is explained without fine-tuning.
34
However, experience seems to show that this approach is harder to make work than the others. 
where it is assumed that r 2 ǫ 2 ≪ r 3 , r 1 ǫ ′2 . Then to leading order in small quantities M ν has the form
It is easy to understand what is happening. The fact that r 2 is much smaller than r 1 and r 3 means that the right-handed neutrino of the second family is much lighter than the other two. Effectively, then, one right-handed neutrino dominates M −1 R . As a consequence one obtains an approximately "factorized" form for M ν , just as one did in the unconventional see-saw models considered in the papers of Ref. 20 , in which a single right-handed fermion also dominated. Those unconventional see-saw models could also be considered as examples of class I(2C).
II(1) Large mixing from L, CKM small by cancellation
We now turn to those models in which the large value of θ 23 comes predominantly from the charged lepton mass matrix L, with M ν being nearly diagonal. The issue that arises in such models is whether the other Dirac mass matrices, especially D and U, also have large off-diagonal elements, and if so why this does not lead to large CKM angles for the quarks. Some published models do not deal with this question since they are only models of the lepton sector and do not attempt to describe the quarks at all. 36 However, while it may in non-see-saw models make sense to discuss M ν apart from the other mass matrices, it would seem that under most reasonable assumptions the matrix L should have some relationship to U and D.
Why, then, are the CKM angles small? One possibility is that the CKM angles are small because of an almost exact cancellation between large angles needed to diagonalize U and D. That, in turn, would imply that U and D, even though highly non-diagonal, have nearly identical forms. This idea is realized in most so-called "flavor democracy" models.
37
A "flavor-democratic" mass matrix is one in which all the elements are equal:
A Dirac mass matrix can have such a form as the result of separate S 3 permutation symmetries acting on the left-handed and right-handed fermions. This form is of rank 1, and thus gives only one family a mass. Of course, in realistic models based on flavor democracy it is assumed that the mass matrices also get small corrections that come from the breaking of the permutations symmetries, which give rise to masses for the lighter families. It is clear that the flavor democratic form is diagonalized by a unitary matrix with rotation angles that are large. In fact, the matrix is
The reason why the CKM angles are small in flavor democracy models is that both U and D are assumed to have approximately the democratic form. Thus, the large rotation angles nearly cancel between the up and down sectors. However, as first noted in Ref. 38 , it is possible to have large neutrino mixing angles if M ν is assumed to have not the democratic form but a nearly diagonal form. This difference in form is plausible, given that M ν is a Majorana matrix rather than a Dirac matrix like the others. In this case, the angles required to diagonalize M ν would be small, and the MNS matrix would come predominantly from diagonalizing L. In Ref. 38 , it is assumed that M ν is diagonal and hierarchical in form, and the elements of M ν are assumed to arise entirely from the breaking of the permutation symmetries of the model. The model of Ref. 38 therefore has the neutrino masses being hierarchical. However, most published versions of the flavor democracy idea 39 assume that M ν is approximately proportional to the identity matrix. The form M ν ∝ I is invariant under an S 3 permutation of the left-handed neutrinos. (However, it should be noted that M ν ∝ I is not the most general form consistent with permutation symmetry, and so to make this form technically natural some further symmetries must be invoked.) Small deviations from the identity matrix would arise from terms that break the flavor symmetries of the model. In such versions, the three neutrino masses are nearly degenerate, but the splittings can be made hierarchical to accomodate the solar and atmospheric data.
An exact flavor-democratic form of L would leave two charged leptons degenerate and one of the neutrino mixing angles undefined. If M ν were exactly proportional to the identity matrix, all three neutrinos would be degenerate and all three neutrino mixing angles would be undefined. Exactly what angles are predicted for the neutrinos depends, therefore, on the form of the small contributions to the mass matrices that break the permutation symmetries. There are many possibilities. In some, the MNS matrix comes out to be very close to U † F D . However, it is not surprising, given the degeneracies the the exact permutation-symmetric forms give, that the small permutation-symmetry-breaking contributions to the mass matrices can lead to additional large mixings, and to forms for the MNS matrix that depart significantly from U † F D . It is typical in flavor democracy models for the angle θ 12 to come out large, and in many cases it comes out to be close to π/4 as in the matrix U † F D . However, it is possible for θ 12 to be small. This can happen if the matrix M ν is such that the neutrinos ν 1 and ν 2 form a pseudo-Dirac pair. Then the 1-2 angles from the diagonalization of both L and M ν will be close to π/4 and their difference can be small.
The number of possible models, based on different ways to break permutation symmetry, is large. There exists an extensive and growing literature in this area. There are also many models based not on the pure flavordemocratic form in Eq. (19) , but on forms in which all the elements of the mass matrix are assumed to be approximately equal in magnitude, but allowed to differ in complex phase. This is sometimes called the "Universal Strength for Yukawa couplings" approach or USY.
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The idea of flavor democracy is an elegant one, especially in that it uses one basic idea to explain the largeness of the leptonic angles, the smallness of the quark angles, and the fact that one family is much heavier than the others. On the other hand, it is based on very special forms for the mass matrices which come from very specific symmetries. It is in this sense a narrower approach to the problem of fermion masses than some of the others we have discussed.
It would be interesting to know whether simple models of class II (1), in which the CKM angles are small by cancellations of large angles, can be constructed using ideas other than flavor democracy.
II(2) Large mixing from "lopsided" L
We now come to an idea for explaining the largeness of θ 23 that has great flexibility, in the sense that it can be implemented in many different kinds of models: grand unified, models with abelian or non-abelian flavor symmetries, see-saw or non-see-saw neutrino masses, and so on. The basic idea of the "lopsided" L approach is that the charged-lepton and down-quark mass matrices have the approximate forms
The "∼" sign is used because in realistic models these σ and ǫ entries could have additional factors of order unity, such as from Clebsch coefficients. The fact that L is related closely in form to the transpose of D is a very natural feature from the point of view of SU (5) or related symmetries, and is a crucial ingredient in this approach. The assumption is that ǫ ≪ 1, while σ ∼ 1. In the case of the charged leptons ǫ controls the mixing of the second and third families of right-handed fermions (which is not observable at low energies), while σ controls the mixing of the second and third families of left-handed fermions, which contributes to θ 23 and makes it large. For the quarks the reverse is the case because of the "SU (5)" feature: the small O(ǫ) mixing is in the left-handed sector, accounting for the smallness of V cb , while the large O(σ) mixing is in the right-handed sector, where it cannot be observed and does no harm. In this approach the three crucial elements are these: (a) Large mixing of neutrinos (in particular of ν µ and ν τ ) caused by large off-diagonal elements in the charged-lepton mass matrix L; (b) these off-diagonal elements appearing in a highly asymmetric or lopsided way; and (c) L being similar to the transpose of D by SU(5) or a related symmetry.
What makes this approach so flexible is that the problem of obtaining a realistic pattern of neutrino masses is decoupled from the problem of getting large θ 23 . The large θ 23 arises from L while the neutrino mass spectrum arises from M ν . Thus one is freed from having very special textures for M ν as was the case in class I models. This is also true of the flavor democracy schemes; however, there the necessity of near cancellation between up and down quark angles forced a very particular kind of mass matrix texture and flavor symmetry. The lopsided mass matrices, by contrast, can be achieved in many ways, as can be seen from Refs. 41-47. The first paper that has all three elements that define this approach seems to be Ref. 41 , which proposed a very specific idea for generating the fermion mass hierarchies. The ideas of that paper were further explored in Ref. 42 .
The lopsided L idea next is seen in three papers that appeared almost simultaneously. 43−45 It is interesting that the same basic mechanism of lop-sided L was arrived at independently by these three groups from completely different starting points. In Ref. 43 the model is based on E 7 /SU(5) × U (1), and the structure of the mass matrices is determined by the Froggatt-Nielson mechanism. In Ref. 44 the model is based on SO (10), and does not use the Froggett-Nielson approach. Rather, the constraints on the form of the mass matrices come from assuming a "minimal" set of Higgs for SO (10)-breaking and choosing the smallest and simplest set of Yukawa operators that can give realistic mass matrices for the quarks and charged leptons. Though both Refs. 43 and 44 assume a unified symmetry larger than SU (5), in both it is the SU (5) is not based on a grand unified group. Rather, the fact that L is related to D T follows ultimately from the requirement of anomaly cancellation for the various U (1) flavor symmetries of the model. However, it is well known that anomaly cancellation typically enforces charge assignments that can be embedded in unified groups. So that even though the model does not contain an explicit SU (5), it could be said to be "SU(5)-like".
In Ref. 46 are listed numerous papers that have used the lopsided L approach in the context of grand unified theories. A variety of symmetries -abelian, non-abelian continuous, and non-abelian discrete -are used in these models to constrain the forms of mass matrices. In Ref. 47 are papers that are not unified and do not discuss the quark mass matrices, so that the third element of the approach (L being related to D T by a symmetry related to SU (5)) is not explicitly present.
As pointed out in Ref. 48 , models based on lopsided L can give either large-angle or small-angle solutions to the solar neutrino problem.
A predictive model with lopsided L
We shall now briefly describe a particular model of class II (2) . A remarkable fact about this model is that it was not constructed to explain neutrino phenomenology; rather it emerged from the attempt to find a realistic model of the masses of the charged leptons and quarks in the context of SO (10) . In fact, it is one of the most predictive models of quark and lepton masses that exists in the literature. The idea of the model was to take the Higgs sector of SO(10) to be as minimal as possible, and then to find what this implied for the mass matrices of the quarks and charged leptons. In fact, in the first paper proposing this model 48 no attention was paid to the neutrino mixings at all. Only subsequently was it noticed that the model actually predicts a large mixing of ν µ with ν τ and this led to a second paper, in which the implications for neutrino phenomenology were stressed. 44 The reason for the large mixing of ν µ and ν τ in this model is precisely the fact that the charged lepton mass matrix has a lopsided form.
The reason this lopsided form was built into the model of Refs. 44 and 48, was that it was necessary to account for certain well-known features of the mass spectrum of the quarks. In particular, the mass matrix entry that is denoted σ in Eq. (21) In constructing the model, several considerations played a part. First, a "minimal" set of Higgs for SO(10) was assumed. It has been shown 50 that the smallest set of Higgs that will allow a realistic breaking of SO (10) down to SU(3) × SU(2) × U (1), with natural doublet-triplet splitting, 51 consists of a single adjoint (45) , two pairs of spinors (16 + 16) , a pair of vectors (10) , and some singlets. The adjoint, in order to give the doublet-triplet splitting, must have a VEV proportional to the SO(10) generator B−L. This fact is an important constraint. Second, it was required that the qualitative features of the quark and lepton spectrum should not arise by artificial cancellations or numerical accidents. Third, it was required that the Georgi-Jarlskog factor arise in a simple and natural way. Fourth, it was required that the entries in the mass matrices should come from operators of low dimension that arise in simple ways from integrating out small representations of fermions.
Having imposed these conditions of economy and naturalness, a structure emerged that had just six effective Yukawa terms (just five if m u is allowed to vanish). These gave the following mass matrices:
(The first papers 48, 44 gave only the structures of the second and third families, while this was extended to the first family in a subsequent paper.
52 ) Here σ ∼ = 1.8, ǫ ∼ = 0.14, δ ∼ = |δ ′ | ∼ = 0.008, η ∼ = 0.6 × 10 −5 . The patterns that are evident in these matrices are due to the SO(10) group-theoretical characteristics of the various Yukawa terms. Notice several facts about the crucial parameter σ that is responsible for the lopsidedness of L and D. First, if σ were not present, then instead of the Georgi-Jarlskog factor of 3, the ratio m µ /m s would be given by 9. (That is, the Clebsch of 1 3 that appears in D due to the generator B − L gets squared in computing m s .) Since the large entry σ overpowers the small entries of order ǫ, the correct Georgi-Jarlskog factor emerges. Second, if σ were not present, U and D would be proportional, as far as the two heavier families are concerned, and V cb would vanish. Third, by having σ ∼ 1 one ends up with V cb and m s /m b being of the same order (O(ǫ)) as is indeed observed. And since σ does not appear in U (for grouptheoretical reasons) the ratio m c /m t comes out much smaller, of O(ǫ 2 ), also as observed. In fact, with this structure, the mass of charm is predicted correctly to within the level of the uncertainties.
Thus, for several reasons that have nothing to do with neutrinos one is led naturally to the very lopsided form that is found to give an elegant explanation of the mixing seen in atmospheric neutrino data.
From the very small number of Yukawa terms, and from the fact that SO(10) symmetry gives the normalizations of these terms, and not merely order of magnitude estimates for them, it is not surprising that many precise predictions result. In fact there are altogether nine predictions.
52 Some of these are post-dictions (including the highly non-trivial one for m c ). But several predictions will allow the model to be tested in the future, including predictions for V ub , and the mixing angles U e2 U e3 .
Expectations for the parameter U e3
All of the models that we have discussed aim to explain the atmospheric neutrino anomaly by saying that there is maximal mixing between ν µ and ν τ , i.e. that U µ3 ∼ = 1/ √ 2, and they all aim to explain the solar neutrino problem either by the small-angle MSW solution, in which U e2 ≃ 0.05, or by one of the large-angle solutions (large-angle MSW or vacuum oscillation), in which U e2 ≃ 1/ √ 2. In this section we examine the other mixing, which is described by U e3 . U e3 is independent of the other two mixings, and a priori could take values ranging from zero up to the present limit of about 0.2 . However, what we find is that the great majority of viable models give one of four mixing patterns, which we label with the Greek letters α through δ. These patterns are indicated in the following table.
In this table θ SA and θ LA stand for the value of θ 12 in the small-angle and large-angle solutions of the solar neutrino problem, respectively. What one sees is that if the solar angle is maximal one expects either that U e3 will be of order 0.05 (pattern α) or that it will vanish (pattern β). In most models that fit pattern α only the order of magnitude of U e3 is predicted. However, some models predict it sharply. A particularly interesting prediction that arises in certain types of models is that |U e3 | = m e /m µ sin θ atm , which we distinguish with the name α ′ . A special case of this occurs in some flavor democracy models, where sin θ atm = 2/ √ 6, and we call this α ′′ . If the solar angle is small, i.e. the small-angle MSW solution, one typically finds one of two results for U e3 : either it is given by the relation U e3 ∼ = U e2 tan θ atm (pattern γ) or it is small compared to that value (pattern δ). In certain models with pattern γ there is the further prediction for the solar angle that U e2 ∼ = m e /m µ cos θ atm . We call this pattern γ ′ , and it leads to the same prediction for U e3 that one has in pattern α ′ . We will first give some general preliminaries and then proceed to analyze different kinds of models, showing why the four patterns we have described are the ones that arise in the great majority of published models.
The lepton mixing matrix, or "MNS matrix" has the form
where U 
where s ij ≡ sin θ ij , and so on. One can write U ν in a similar way, with the corresponding angles being denotedθ ij . (Henceforth, a bar over a quantity means that it comes from the charged lepton sector, while a tilde means that it comes from the neutrino sector.) Consequently, if we assume all quantities are real the MNS matrix can be written 25) where s 23 ≡ sin(θ 23 − θ 23 ). What makes these expressions useful is that for hierarchical mass matrices, and most of the mass matrices that we shall have to deal with, the angles θ ij andθ ij are given with sufficient accuracy very simply in terms of ratios of elements of the mass matrices. Equation (25) (26) As we shall now see, for the practically interesting cases these expressions can be greatly simplified due to the smallness of certain angles. First let us consider the form in Eq. (2). From Eq. (2) The same is true in virtually all models for the charged lepton sector, i.e. s 13 ∼ (m µ /m τ )s 12 ≪ s 12 . It is also usually true in models (except the flavor democracy models) that if the 1-2 mixing is large it is due to the angleθ 12 being large rather than the angle θ 12 . In other words,s 12 may be large or small depending on which solution to the solar neutrino problem is assumed, but s 12 is small in almost all models (except the flavor democracy ones), implying that s 13 is even smaller and in fact negligible. However,s 13 can be significant ifs 12 ∼ 1. These facts allow one to write (27) Now let us turn to models of class I(1) that have M ν of the form given in Eq. (2) . There are two cases to consider: either large-or small-angle solution to the solar neutrino problem. If small-angle then one has that U e2 ∼ 0.05, and therefore, barring accidental cancellations, s 12 ,s 12 < ∼ 0.05. So far we have been considering models of class I(1) in which the matrix M ν has the form given in Eq. (2) . Now let us consider the form given in Eq. (6) . This form only gives large-angle solutions to the solar neutrino problem. It is apparent by inspection of Eq. (6) and hence negligible. Therefore, U e3 ∼ = −s 12 s 23 . Generally, this means mixing pattern α, but where s 12 is predicted to be m e /m µ one has pattern α ′ . This brings us to models of class I(2). As can be seen from Eqs. (13), (15) , and (18) most models of this class that do not involve fine-tuning seem to yield the form for M ν given in Eq. (2) . These models give the same results for U e3 as do class I(1) models that have the form in Eq. (2) . The same is also effectively true for most models of class II (2) , namely the models with lopsided L. It is true that in class I(2) models the large 2-3 mixing comes from the charged lepton sector rather than from M ν . However, as can be seen from Eq. (25) it does not much matter in computing the MNS matrix where the 2-3 mixing originates. In class II(2) models, if the 2-3 block of the charged-lepton mass matrix L is diagonalized, the matrix M ν generally goes over to the form in Eq. (2) . (This will be the case if the neutrino masses have the hierarchy m 3 ≫ m 2 ≫ m 1 , as typically is the case in class II (2) .)
Let us consider, finally, the models of class II (1) . Almost all published models of this class are of the "flavor democracy" type, as we have seen. Up to now we have analyzed predictions for U e3 using the forms given in Eqs. (24) and (25) . However, these forms are convenient when the mass matrices have a hierarchy among their elements, which is not the case for the flavor democratic form, Eq. (19) . Therefore we shall analyze the flavor democracy models in a different way.
In flavor democracy models, it is assumed that the lepton mass matrices have the following forms
where M F D is the form in Eq. (19) , I is the identity matrix, and ∆L and ∆M ν are small corrections that break the flavor permutation symmetries of the model (generally S 3 × S 3 ). In Ref. 38 the parameter m ν vanishes and M ν = ∆M ν has a hierarchical form, thus giving m 3 ≪ m 2 ≪ m 1 for the three neutrino masses. But the more usual assumption is that m ν = 0, giving m 3 ∼ = m 2 ∼ = m 1 . However, there is still assumed to be a hierarchy in ∆M ν so as to get δm 
Define (∆L) ij ≡ δ ij m ℓ , (∆L ′ ) ij ≡ δ
Then the δ 
The next step in the diagonalization is to rotate away the 13, 31, 23, and 32 elements of L ′ as follows 
Finally the 1-2 block of L ′′ is diagonalized
where tan 2θ ℓ = 2(δ .
As emphasized in Ref. 56 , there is no reason a priori for this angle to be small, a point to which we shall return presently. Altogether, then, the matrix U L that diagonalizes L † L is given by
0 − 
Since the angle θ ℓ is very sensitive to the nine parameters δ ij and has no reason a priori to be small, as is apparent from Eq. (34) , it might seem that the flavor democracy idea has no predictivity as far as the MNS matrix elements are concerned. However, a posteriori we do know that the CKM angles are small, and that strongly suggests that θ ℓ is small. The point is that if a large angle θ ℓ were required in the diagonalization of L, one would typically expect to find that large angles θ u and θ d were required in the diagonalization of U and D as well. Unless there were a conspiracy and θ u ∼ = θ d , large CKM angles would result. Under the assumption that ∆L has the same form (with different values of parameters) as ∆U and ∆D, one can conclude that θ ℓ ≪ 1. There are many possible forms for ∆L that give vanishing θ ℓ . If such a form is chosen, then one has
The exact value is evidently dependent on the scheme of symmetry breaking. However, since the parameters δ ij are involved in generating the interfamily hierarchy of of charged lepton masses, one expects that U e3 will closely related to small lepton mass ratios. In fact, this is the case, and typically one finds that U e3 ∼ m e /m µ , in other words pattern α. In a popular scheme of symmetry breaking, 57, 58 for instance, |U e3 | ∼ = where U e3 = 0, which we called pattern β.
In conclusion, we see that there are a few patterns of neutrino mixing that tend to arise in the great majority of published models. And although there is not a one-to-one correspondence between the type of model and the value of U e3 , it is clear that knowledge of U e3 will give great insight into the possible underlying mechanisms that are responsible for neutrino mixing. 
